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Abstract 

An alternative class of the Lagrangian called the multiplicative form is suc¬ 
cessfully derived for a system with one degree of freedom for both non-relativistic 
and relativistic cases. This new Lagrangian can be considered as a 1-parameter: 
A extended class from the standard additive form of the Lagrangian since both 
yield the same equation of motion. Remarkably, the multiplicative form of the 
Lagrangian could be treated as a generating function to produce an infinite hierar¬ 
chy of Lagrangians which give the same equation of motion. This nontrivial set of 
Lagrangians confirms that indeed Lagrange function is not unique. 


1 Introduction 

The Lagrangian formalism is one of the standard methods in classical mechanics. 
The Lagrange function and its associated equations of motion are expressed in terms 
of generalised coordinates. The advantage of this method is that it helps identifying 
the conserved quantities through the cyclic variables. Furthermore, one may employ 
the Noether’s theorem to find conservation laws. The form of the Lagrangian can 
be expressed in terms of energy scalar functions which, in this paper, is called 
a standard additive form. Using Legendre transformation, one can construct the 
Hamilton function and we can study the system from the Hamiltonian formalism 
point of view. 

It is commonly well known that the Lagrangian possesses a non-uniqueness prop¬ 
erty. We can multiply a constant /3 or add up a constant a to the Lagrangian: 
L —)• j3L + a, leaving no effect to the equation of motion of the system because the 
Euler-Lagrange equations involve only derivatives of the Lagrangian. We also can 
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add the total derivative term to the Lagrangian: L —>■ L4 


df{x,t) 

dt 


affecting nothing 


to the equations of motion of the system. 

An interesting point is the following. With the given equations of motion, we 
must first find the corresponding Lagrangian if we would like to work in the La¬ 
grangian formalism. Some attempts had been done in |1] (and references therein) 
to solve for the Lagrangian, but the general mechanism is still open. In this paper, 
we ask the following questions: Is there an alternative form of the Lagrangian, as 
well as its associated Hamiltonian, apart from the standard additive one? And if 
so, can they be solved systematically? 

The organisation of the paper is as follows. In section [21 we set out to find the 
multiplicative Lagrangian for the non-relativistic case with one degree of freedom. 
Then we establish the Legendre transformation between multiplicative Hamiltonian 
and multiplicative Lagrangian. We also solve the multiplicative Hamiltonian and 
compare the result with the Legendre transformation. An interesting observation 
of the multiplicative form of the Lagrangian will be made as a generating function 
for an infinite hierarchy of Lagrangians. In section [3l we extend the idea to the 
relativistic case to solve for the multiplicative Lagrangian and multiplicative Hamil¬ 
tonian. The infinite hierarchy of Lagrangians is also considered. Finally in the last 
section, we give the summary with some remarks. 


2 Non-relativistic case 


In this section, we are interested a system with one degree of freedom and the 
equation of motion is given by 


mx = — 


dV{x) 

dx 


( 2 . 1 ) 


where V(x) is the potential. The Lagrangian can be written in the form 


Ln{x, x) =T{x) -V(x) , (2.2) 

where T(x) = mx^ j2 which is the kinetic energy. Using Legendre transformation, 
we obtain the Hamiltonian 


Hn{p, x) = px — L{x, x) = T{p) + V (x) , (2.3) 

where T{p) = /2m which is the kinetic energy, but in terms of momentum variable: 

p = mx. Equation (|2.ip then can be written in the form 


p=- 


dV{x) 

dx 


(2.4) 


We now ask whether there exists an alternative form of the Lagrangian as well as 
the Hamiltonian to produce the same equation of motion. 


2.1 Multiplicative Lagrangian 

To answer the question, we start with an Ansatz forrr0 of the Lagrangian L = 
F{x)G{x), where F and G are yet to be determined. We now find that the action 

^This form is inspired by the result in [2]. 
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functional is 


S[x] = f L{x,x)dt= f F{x)G{x)dt . 
JO JO 


(2.5) 


According to the variational principle, we find that 


S'fx + 5x\ 
S + 5S + ... 


f L{x + 6x,x + 6x)dt = f F{x + 5x) G{x + 6x)dt 
JO JO 


^ ■nf\ r.dF{x) 

F{x) + Sx —+ ... 
dx 


>0 


G(x) + + .. 


dx 

G^ 

dx 


dt 


5S = 


F{x)G{x) + + 5xF{x) ^^j'^'^ + ... ) dt 

^ dF{x) , , ,.,dG{x) , 

6x — - — -G{x) + 5xF{x)—-—- 1 dt 
dx dx 


-jt I 


dF{x) 


dx 


+ F{x) 


.. dG{x) 


dx 


6xdt , 


with the use of (5x(0) = 6x{T) = 0. According to (|2.6h . 6S vanishes if 


F{x[ 


dG{x) d 


dx dt 


- 17 G(x 


dFix) 


= 0 , 


( 2 . 6 ) 


(2.7) 


which could be treated as a new Euler-Lagrange equation associated with the mul¬ 
tiplicative Lagrangian. Furthermore, (|2.7p can be re-written in the form 


J_^ 

xG dx 


dF\ d?F 

F — X—rr 1- rrrr = 0 . 


dx J dx'^ 

Using the technique of separation of variables, we set 

I dG , I dG 
iGU^ ~ ^Glh~ 

Using equation of motion (|2.ip . (|2.9I) becomes 

1 dG A dV (x) 


G dx 


m dx 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


The parameter A is a constant which will be determined later. The solution of (|2.9p 
is simply taken the form of 

AV {x) 

G{x) = aie , 


where ai is a constant. Using (ESP, (USD now reduces to 

.dF\ d^F ^ 

V ^dx) dx^ 

and the solution for F takes the form 


/ N / r \ 

F{x) = a 2 X — as [ e 2 + xA e 2 dv j , 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 
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where 02 and as are constant. 


Remark: Equation (I2.8p can be modified as follows 

1 dG / .dF\ ld?FdV d^Ff.. 1 dV\ 

The condition A{x, x) = 0 for arbitrary independent variables x and x must hold for 
equations of motion for different Lagrangians to coincide, resulting again to (I2.1ip 
and (I2.18p . 

Using the results of F and G, we then obtain the multiplicative form of the La- 
grangian which is given by 


L{x, x) 



k2 



+ xA 


f 



_ AV(x) 

e ^ 


(2.14) 


where ki = aia 2 and ^2 = aias are constant and yet to be determined. In order 
to identify all the remaining constants, we expand the exponential terms 


L 



- k2 



Ax'^ 1 / Ax'^ \ ^ 




AV{x) 1 f AV{x) V 

m 2\\m) 


Av^ 1 fAv^y 
(2.15) 


It is found that if we take A to be an inverse square of the velocity: A~^, ki to be 
zero and /c 2 to be in energy unit: —mX^, the Lagrangian (|2.15l) in the limit that A 
approaches to infinity 


lim L 

A—^CXD 


lim (L — mX^) 

A^oo 


lim ( mX^ 
A—^CXD 




+ mx 






X (1 — fi 4 + ... 


mX^ 


A— 


lim mX^ I 1 + + 


lim mA^ ( 1 + 


A—^CXD 


2A2 


x 


i-hk) + ,,. 


mA2 


V{x) 
2A2 mA2 


+ ... 


- V{x) = Ln 



(2.16) 


where L^r is the standard Lagrangian in the additive form (12.20 . Thus the La¬ 
grangian takes the form of 


Lx{x,x) 



(2.17) 


which can be treated as the 1-parameter, namely A, extended class of the La¬ 
grangian. Indeed, Lagrangian (2.13) leads to the standard Lagrangian in the limit 
case (2.12). 
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Next, the momentum is given by 


dLx 

P\ = = m 

ox 


\ _v(x) 

e ^ dv ] e 


(2.18) 


which in the limit that A approaches to infinity, we recover the standard momen¬ 
tum: lim px = P = mx. 

A^oo 


Next, we find that 

(2.19) 

( 2 . 20 ) 

Substituting (I2.19p and (I2.20p into the Euler-Lagrange equation. 



dL\ _ ^ f _ Q 

dx dt \ dx ) 


with the help of the relation 



Equation (I2.22p implies the equation of motion (|2.ip which completes the quest for 
searching an alternative class of the Lagrangian. 


2.2 Multiplicative Hamiltonian 

In the previous subsection, the multiplicative form of the Lagrangian was estab¬ 
lished. In the additive case, the Hamiltonian and the Lagrangian are connected 
through Legendre transformation. Here it is interesting to see how it works in the 
case of the multiplicative Lagrangian. According to the Neother’s theorem, we also 
find that 


dLx _ dLx. ^ dLx.. 
dt dx^^ dx^ 

d (dLx \ . dLx .. 
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which implies that the terms in the bracket must be invariant in time leading to 


H\{p,x) 


dLx . ... X 

- Lx{x,x) , 


(2.24) 


where Hx is a new type of the Hamilton function with the parameter A. Substituting 
(I2.18P into (|2.24p and using p = mx, we find 


Hx{p,x) 


mX^ 


+ 


m ) m 


rrfiX^ 


— J e Ifi ] ii _ I g 2m2A2 

rp 

/ "" 

40 


m 


e mA^ 


— mX e 2 m 2 A 2 e mA 2 = —jJiX e ^nX 


(2.25) 


which can be considered as the 1-parameter, namely A, extended class of the Hamil¬ 
tonian. 


Next, we show how to construct the multiplicative Hamiltonian. It is assumed 
that the Hamiltonian takes an Ansatz form Hx = K{p)B{x) and it satisfies the 
Hamilton equation. 


X = 


djh 

dp 


, P = 


dHx 

dx 


(2.26) 


Using (I2.26p . the time derivative of the momentum p = mx can be re-written in the 
form of 

dHx _ d (dHxX 
dx V J 


m dx 

Inserting Hx into (I2.27D . we obtain 


1 dHx _ . d‘^Hx ^ p d'^Hx 

Qp 2 ^ dpdx 


d^K 


+ 


1 dB f dK 


dp2 rnpB dx \ dp 
To solve the differential equation, we define 

1 dB 


p—. - \- K \ = 0 . 


mpB dx 


= kU 


where VU is a constant to be determined. Using the equation of motion 
find that the B takes the form of 


(2.27) 


(2.28) 


(2.29) 


we 


(2.30) 


B{x) = f 3 ^e-^wv(x) ^ 
where /3i is a constant. Substituting (I2.29P into (|2.28l) . it is easily to see that 

K{p) = /32e-^ , (2.31) 

where /32 is also a constant. Then the multiplicative Hamiltonian is given by 

Hx{p,x) = , 
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where k = /3i/32 is a new constant. In order to determine the parameters W and k, 
we may proceed the same way as we did in the case of the Lagrangian by choosing 

W = —T and K = —mX^ and considering the limit such that A approaches to 
infinity 


lim Hx 
A—^oo 


lim (Hx + mA^) 
A—^oo 


lim 
A—^oo 

lim 
A—^oo 


—mX^ ( 1 — 


p- 


—mX^ I 1 — 


2m?X^ 

o2 


+ 




mX^ 


_ V{x) 

2m?X'^ mX^ 


p- 


+ .. 




(2.32) 


which is the standard Hamiltonian in the additive form ()2.3p . 
plicative Hamiltonian is 

Hx{p,x) = —mX e , 


Finally, the multi- 
(2.33) 


which is identical to the one obtained through Legendre transformation. 

The last step is to show that the Hamiltonian in (I2.33p yields the same equation 
of motion as that obtained in the Newtonian mechanics. In order to do this task, 
we substitute the Hamiltonian into (j2.27p 


dV{x) p^ dV{x) . / p^ 

dx 772,2 A^ m^A^ 

dVix) 

which is nothing but the equation of motion ()2.4I1 . 


dV{x) ( 
dx V 


2.3 Infinite hierarchy of Lagrangians 


In the previous subsections, we managed to find the alternative forms of the La¬ 
grangian and the Hamiltonian for the system with one degree of freedom. An 
extra-parameter A comes into the system naturally as the limit to the additional 
forms of the Lagrangian and the Hamiltonian. In this section, we will explore the 
role of the A in another aspect. In doing so, we start considering the expansion of 
the multiplicative form of Lagrangian in ()2.17l) 


Lx 

mX^ 


1 + 


1 - 


T 


(-1)^-^ (TV 

mX^ 2! • 3 \mX^) jl ■ 2j — 1 \mX^) 

2 


V 


1 


V V 


mX^ 2! V '>nX^ J ' j' 


-h ... -h 


(-1? f V V , 

[mX^J 


I + tAttIT-H]- ^ 


-h 


1!?72A2 

1 


2!(mA2)2 


T2 

— -F 2TV - 
3 


3!(772 A2)3 [ 5 

(-ly 


rp'i 

— + rV -h 3rH2 _ 


... 


7-1 


~*~j!(?77A2)f 

-I-.... , 


-+ - -+ ^ ^-+ ... + jTV^-^ 

2j-l 2j-3 


2!(2j - 5) 


- W 
(2.34) 
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where the kinetic energy is a function of velocity variable: T = T{x). Collecting 
the coefficients in the expansion, we obtain 


0 

0 

0 


(—}— 

(—L_ 


III 

1 

(2.35a) 

n 

(2.35b) 

£2 = — + 2ri/ - 1/2 . 

3 

T3 

£3 = — + T‘^V + 3TV‘^ - . 

5 

(2.35c) 


0 






Ti ^ jT^-^V , j{j - l)r^-V2 
2j-l^ 2j-3 ^ 2!(2j-5) 

+... +jTV^-^-V^ . (2.35d) 


which form a set of infinite number of Lagrange functions: {Li, £ 2 ;-^ 3 ,...}, 
called an infinite hierarchy of Lagrangians. Furthermore, we hnd that 


£1 


1 5£,' 

’ 

1 

J\ dV^-^ ’ 


(2.36) 

(2.37) 


if we treat the potential energy as a variable. With (|2.35p . (|2.34p can be written in 
a compact form 



(2.38) 


where 



jlJ'j-kyk 

{j - k)\k\{2j - i2k + 1)) 


(2.39) 


Interestingly, Lagrangians in the hierarchy produce the same equation of motion 
(mi). To see this, we compute 


dx 


E 

k=l 

E 

=0 
^ 3- 


j—k'x/k—l 


j\T3-ky 


^ [(j - k)\{k - l)!(2j - {2k + 1)) J dx 
r jlj'j-k-lyk 


k=0 

/i-2 


dx 

dV 


{j — k — l))!A;!(2j — {2k + 3))J dx 

jl'yj-k-lyk 


\k=0 


l{j-k-l))\k\{2j-{2k + 3))\ 


+ 


u-m-i)) 


dx 






























dx 


dxdx 


E 

k=0 

r 

E 

k=l 
i-1 r 

E 

k=l 

i-2 

E 

k=0 


j\Ti 


-k-lyk 


mx . 


{j-k-l)\k\{2j-{2k + l)) 

j\rpj-k-lyk-\ 

{j-k-l)\{k-l)\{2j-{2k + l)) 

j]J'j-kyk-l 

u - k - ly.ik - I)\i2j - i2k +1)) 

2j\T0-k-iyk 


{j -k-2)lk\{2j -{2k + 3)) 


mx 


ydV 

dx 


dV 

dx 


d^ 

dlx 


X- 


d'^x 


= x 


UE 

\k=0 

i-2 

+ E 

A:=0 
j-1 

E 


jiT> 


-k-lyk 


y{j-k-i)\k\{2j-{2k + i)) 

j\rpj-k-2yk 

[{j -k-2)\k\{2j -{2k + l)) 

j\rpj-k-lyk 


m 


m^x^ 


k=0 
i-2 


+E 

k=0 

/i-2 

\ fe =0 

/i-2 

\ fe =0 


- k - l)\k\{2j - {2k + 1)) 

2 jl'yj-k-lyk 


mx 


[{j -k-2)\k\{2j -{2k + l))\ 


mx 


j]TO-k-iyk /ij^2{j-k-l) 

[{j-k-iy.k\ V (2j-(2A: + l)) 


+ 


j\V^ 


-1 


iJ - 1)! 


mx 


jlTO 


-k-lyk 


{j-k-iy.k\ 


+ 


jlV^ 


i-l 


(j-1)! 


mx 


We insert above results into the Euler-Lagrange equation 


dLj 


d'^L. 


— X- 


dx dxdx 

which yields the equation of motion m- 


— X- 


d‘^x 


= 0 , 


According to the structure of the infinite hierarchy of Lagrangians, we may consider 
the multiplicative form of the Lagrangian as a generating function for Lagrange 
polynomial! in (|2.35l) and the parameter A plays as a mathematical tool to go from 
the multiplicative form to the additive form of the Lagrangian. 

Next, we will look for the Hamiltonian corresponding to each Lagrangian Lj in 


^Of cause, we did not mean to Lagrange interpolating polynomial, but rather polynomial in terms of 
kinetic and potential energies. 
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the hierarchy. First, we may start by working on Legendre transformation 


'K, = 


dL 


_1 _ r . 

dx ^ 


E 

k=0 

i-1 

E 

k=i} 

i-1 

E 

k=0 


2j\Ti-^V’^ 


[^j-k-l)\k\{2j-{2k + l)) 

jlT^-kyk ^ 2{j -k)-l 


L(j-A:)!A:! V(2j-(2A; + l))y (-1) 


E 

A:=0 

Vi 


jlJ'j-kyk 


l{j-k)\k\{2j-i2k + l))\ 


jlJ'j-kyk 


U - k)lk\ 

{T + vy = Hk, 


+ Vi 


E 

A :=0 *" 


jljj-kyk 

U-k)'.k\ 


(2.40) 


where the kinetic energy is expressed in terms of the momentum variable: T = T{p). 
Second, we may perform the expansion on the Multiplicative Hamiltonian 


Hx 



(2.41) 


Then we now also obtain a hierarchy of the Hamiltonians: {dfi, TC 2 , TC 3 ,..., dfj,...} = 
..., ■■■} which can be transformed to Lagrangian hierarchy (I2..S5D 

through the Legendre transformation (I2.40p . 


Note: For a harmonic oscillator, the hierarchy of the Hamiltonians can be obtained 
through the existence of the spatial Lax matrix L given by [7] 


L = 




(2.42) 


where the mass is set to be unity. The conserved quantities or Hamiltonians are 
T 4 (l 2 ') = 2 ( 21 K)', where 2‘K = and Tr(L^‘+y = 0 . 


3 Relativistic case 


In this section, we extend the idea to the case of the relativistic case with a system 
of one degree of freedom for searching the multiplicative forms of Lagrangian and 
Hamiltonian. The equation of motion of the system is given by 


.. 

mx^ = 


dV (x) 
dx ’ 


where m is defined as the rest mass and 


7 = 



(3.1) 
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The parameter c is the speed of light. The standard additive form of relativistic 
Lagrangian and relativistic Hamiltonian are given by 

2 

771 C 

Lc{x,x) = - y{x) , (3.2) 

7 

Hc{p,x) = + V (x) = mc^ \ 1 + (—'] +H(x), (3.3) 

V \mc/ 

where p = ymx is the relativistic momentum. 


3.1 Multiplicative relativistic Lagrangian 

In this section, we will proceed the same technique as shown in section [2] to solve the 
multiplicative form of the relativistic Lagrangian for the system in (|3.ip . We start to 
introduce the Ansatz form of the Lagrangian as L = M{x)N{x) , where M{x) and 
N{x) will be determined. We substitute the Lagrangian into the Euler-Lagrangian 
equation 


dx dt \dx 


(3.4) 


Then we obtain 

d^M f.dM , \ 1 diV 

and we impose the equation of motion on (13.5p yielding 


d^M 


dx‘^ 


dM 


7^ + X— - M 7 '^C'i = 0 , 


where 


dx 


1 dN _ _Ci^ 
N dx m dx 


(3.5) 


(3.6) 


(3.7) 


and Cl is to be identified. Solving (|3.6I) and (j3.7ll . we obtain M and N in the form 

1 . 8 ) 

(3.9) 


M{x) = -C 3 + , and 7 ^ = ^ ,(3. 

V Jo j 


N{x) = C 2 e 


ClV(^) 


where C 2 and C 3 are constants to be determined. Using (|3.8p and (13.911 . the multi¬ 
plicative Lagrangian becomes 

L{x,x) = —C 2 C 3 + Cix J dv^ e~ ' . 

2 1 

We choose C 2 C 3 = —m\ and Ci = --j, where A is again in the velocity unit. The 
multiplicative relativistic Lagrangian takes the form 


Lx^c{x,x) = mX^ ( e W + 


1 / 


„ yyC 


dv 


v(^) 

mX^ 


(3.10) 
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which depends on two parameters, i.e., A and c. To see the role of these parameters, 
we consider the following situations. 


Non-multiplicative limit: We hnd that if A is very large the multiplicative rela¬ 
tivistic Lagrangian is reduced to the standard relativistic Lagrangian (),'1.2p 

= mX^ — mc^ ( — , 1 — V(x) 

= mA^ + Lc(x,x). (3.11) 


Non-relativistic limit: If we take the limit: x << c the multiplicative relativistic 
Lagrangian becomes the multiplicative non-relativistic Lagrangian 


lim Lx^cix,x) = lim mX? 
x«c ’ x«c 


2 / .2 






A2 

dv 


3v^ 


e mX'^ 


= mX^e [ e ^ + 


= e J^Lxix,x) , 


il. 


' _ \ _V(x) 

e ^ dv ] e rnx'^ 


(3.12) 


which the factor e ^ makes no effect on the equation of motion. 


When taking both limits in either sequences, it leads to the same result 

lim Lx^cix, x) = rnX^ — m(? -|- Ln{x, x) , (3.13) 

x«c 
A—^oo 

which is the standard non-relativistic Lagrangian. 


The last task is to demonstrate that the multiplicative Lagrangian (|3.1UI) gives 
the correct equation of motion. We hnd that 


dL 


A,c 


dx 

± ( dLx,c 
dt V dx 


V 

me -mx'^ 


_ V 

mxe 

V 

xe TP 


1 - 


i:2 


„2\ -§ 


j P' V P y dy 


1 - ^ 


A2 


f 




1-^ 

c2 


1 - 


c2 y. „2^-^ 


dv 


dL 


A,c 


dx 


V 

— g mX‘^ 


V c2 


dx 


_-3 

2 


PP'I- 


P 


dv 


We then substitute into the Euler-Lagrange equation 

dLx,c d (dLx,c 


dx 


dt \ dx 


= 0 , 


yielding (13.11) . 
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3.2 Multiplicative relativistic Hamiltonian 

In the previous subsection, we successfully constructed the multiplicative relativistic 
Lagrangian. In this section, we will compute the corresponding multiplicative rela¬ 
tivistic Hamiltonian. We may start to perform the naive Legendre transformation 


Hx,c = 


. dLx,, 

X- 


dx 


- L 


A,c 


= X 


r 3 _2^ , \ .2 ( X r 3 , 

I Iv^ dvj e — mX ^ ^ J dv 


2 — 

= —mX e e 




9 — 

A^ = —mX e mA^ 


v(^) 

e mA^ 


(3.14) 


which is in the multiplicative form. 


Next we will directly construct the multiplicative relativistic Hamiltonian. Here 
we take the Ansatz form of the Hamiltonian Hx^dP^x) = P{p)Qd) use the 
Hamilton’s equation 


^ dHx,c dHx,c 

^ dp ' ^ dx ' 

Equating these two equations, we obtian 

dHx,c d {_^^dHx,c\ 
dx dt dp ) 

1 dHx,c ^ r d‘^Hx,c ^ P d'^HxA ^ dHx,c pp 
m dx 'y \ P Qp 2 dpdx J dp 


(3.15) 


(3.16) 


Inserting Hx^c into (13.161) . we obtain 


d^P 1 dQ ( p\ P dP 

^ dp"^ mpQ dx \ dp ) dp 


(3.17) 


We now set 


where p = — 
have 


mpQ dx ^ Q dx dx ^ ^ 

dV/dx has been used and 6*4 is a constant to be determined. We then 


d?P 


p dP 


'T-TIT + “JT + *^4 p-r- + P - 0. 


dp 


(3.19) 


dpi 'yrrPc^ dp 

Solving (|3.18l) and (|3.19p , we obtain functions P and Q leading to the Hamiltonian 

Hx,c = Ct5e-^4m2cSg-C4my(x) ^ 

1 


where C 5 is a constant to be also determined. We now choose C 4 = 


m?X^ 


and 


6*5 = — mA^ leading to the multiplicative relativistic Hamiltonian in form 


Hx,c{p,x) = —mX'^e "We rn\ 


V (a:) 


(3.20) 
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which is identical to (l.l-ldp . 


Non-multiplicative limit: For the case of vary large A, we have 


lim i^A,c = ~ li™ 

A—>-oo ’ A^oo 


7 c^ 7 ^ 0 "^ 


mXUl-^ + 


A2 2!A4 


+ 


V 

1 -- + O ', +■■ 


mA2 2!m2A^ 


= —m)? + He , 


(3.21) 


where Hr is the standard relativistic Hamiltonian. 


Non-relativistic limit: The multiplicative Hamiltonian (I3.20p can be reduced 
to the form by consider the non-relativistic limit: p « me 


r r" 

) -^1 

moA e V 


_ 

_ 


lim H\ c = — lim 

p«rac ’ p«mc 


where Hx is the multiplicative non-relativistic Hamiltonian. 


(3.22) 


Again when taking both limits in either sequences, it leads to the same result 


lim Hx c{p, x) = —m\^ -|- mc^ -|- Hn{p, x) , (3.23) 

x«c 

A^oo 


which is the standard non-relativistic Hamiltonian. 


The last step, we will show that the multiplicative relativistic Hamiltonian gives the 
correct relativistic equation of motion. Substituting Hamiltonian (13.2011 in ()3.16l) . 
we obtain 


'yC 

— e 


-vdV 


dx 


e e 


_7C V 

0 = e e 


1 - 


1 - 


p = 


dx 


p^ 


7171,2 A2 
2 


P 


P“ 


7777,2 A2 


p2 dV 
7 ?77,2A2 dx 
dV\ 


(3.24) 


which is the desired equation of motion m- 


3.3 Infinite hierarchy of relativistic Lagrangian 

In previous subsections, we obtained the multiplicative relativistic Lagrangian and 
Hamiltonian that yield the same relativistic equation of motion as those for the case 
of the standard Lagrangian and Hamiltonian. The two successive limits have been 
performed, i.e., on the parameter A and on the parameter c. 

In this section, we consider alternative limit on the parameter A called the perturba¬ 
tive limit. We begin to consider the expansion multiplicative relativistic Lagrangian 
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with respect to the parameter A 



We now introduce the functions Tj = 7 -^ 






T 2 


^3 


^4 



Therefore, the Lagrangian (13.251) can be expanded in terms of functions Tj 


Lx.c = rnX^ 


where 




V 

1-TIT + 


mA^ 2!(mA2)' 


i/3 


3!(mA2)3 


+ .. 


= mA^ — [mc^Ti + F] + 


1 


2!mA2 


[imc^f'P2 + 2mc^‘?iV + 


3!(mA^)^ 


[{mc^f-Ps + 3{mc^)'^p2V + 3imc^)PiV^ + + .. 


!(^) [imcypj+j{mcy ^Pj-iV 


+j{j - l){mcy-^Pj- 2 V^ + ... + W] + .. 
^ d V mA21 


J,c , 


j=0 


^j,c — 


E 

k=0 


[U-k)m 


{mcy-^Pj.kV’^ 


V 

e mA2 

(3.25) 


(3.26) 

(3.27) 
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Equation (j,3.26p suggests that there exists an infinite set {£i,cj '^ 2,0 '^ 3 ,c, ■••j, 

called an infinite hierarchy of relativistic Lagrangians, such that 

Li^c = —Timoc^ — V (3.28a) 

£ 2,0 = —fP2(m'0C^)^ — 2fPimoc^E — (3.28b) 

£ 3 ^c = —fP 3 (moc^)^ — 3fP2(moc^)^E — 3fPimoc^l^^ — 1^^ (3.28c) 


£j,c = -Tj(moc^y -jTj-i(moc^y - j(j - l)?j- 2 (moc^y - ... 

(3.28d) 


Furthermore, we find the relations 

d£ 


J.c 


dV 


d^-^£ 


J.C 


— —1,C ) 

= ■ 


(3.29) 

(3.30) 


An interesting point is that all Lagrangians in (|3.28p produce the same relativistic 
equations of motion (13.11) . In order to prove the statement, we compute 


dx 
d‘^£ 




dx'^ 

d‘^£ 


3X 


dxdx 


d£j^c 


E 

k=0 

i-1 

E 

k=0 

i-1 

E 


'j - k 


(j - k)\k\ 

f- 

y C2 

fj-k 

(j - k)\k\ 

y 

y C2 

( 

(j - k)\{j - 

y 

-1)! Iv 


j - k 


X , 




dV 

dx 


dx 


E 

k=l 


{j - k)\{k - 1 )! 




dy_ 

dx 


Substituting into the Euler-Lagrange equation 


d£j^c . d‘^^j,c 

— X „ „ = x 


d‘^£ 


JX 


dx ~ dxdx ~ dx^ ’ 

which gives the relativistic equation of motion dSH). 


(3.31) 


By working on Legendre transformation, we find the Hamiltonian that corresponds 
to the Lagrangian £j^c 

■ f, 

xij^c = - £ 


dx 

E 

k=0 


JX 


[{j-ky.ki 


{mc^y' 


2y-k (_ 3,,_7 y 


Tv 


^j-k 


E (j - = 0"“' + L' = H’c 


k=0 




(3.32) 
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Equation (j3.32p suggests that by performing the Legendre transformation on each 
Lagrangian in the hierarchy we can construct also the infinite hierarchy of Hamilto¬ 
nians: {!Ki^c,^ 2 ,c, ■■■} = {He, ■■■■, Hi,...}. Alternatively, we can directly 

expand the multiplicative relativistic Hamiltonian 



Finally, we will show that Hamiltonians in the infinite hierarchy also yield the same 
equation of equation. Using (|3.16D . we find that 


_ dJ{j,e 
dx 


- ( + (j - P 


‘2 ^ ^ 
7 m J dx 

dx 


d 

dt 




jm- 


■j,c 


dp 




-2 f P ■ , 

-r) T. - 




p + x— ) 
\ 7 m dx ) 

2 

' P 


7m 


= P , 


which is nothing but the desired equation of motion. 


4 Summary 

For the system with one degree of freedom, we successfully derive an alternative 
class, called the multiplicative form, of the Lagrangian Lx which is an extended 
class of the Lagrangian through the variable A both the relativistic case and non- 
relativistic case. A remarkable result here is that the multiplicative form of the 
Lagrangian is actually a generating function for an infinite hierarchy of Lagrangians 
producing the same equation of motion. To the best of our knowledge, this is the 
first time that a nontrivial set of Lagrangians, in terms of polynomial of kinetic and 
potential energies, has been systematically produced. Then the result in this paper 
again conhrms a feature called the non-uniqueness of the Lagrangian apart from 
multiplying by a constant or adding the total time derivative term. 

The question is still open for the case of higher degrees of freedom. We do try 
to extend the idea to the case of two degrees of freedom by considering the system 
with the two identical particles interacting through an even potential function and 
succeed to construct the multiplicative form of the Lagrangian in appendix A. An¬ 
other question is whether there are other classes of the Lagrangian, apart from these 
additive form and multiplicative form or not. If so, it may exist an universal form 
of the Lagrangian. This line of research is also worth pursuing. One more remark 
that we would like to make is about the quantisation of the system. It is known that 
we can quantise the system through the Feynman path integrals for the standard 
additive form of the Lagrangian. One may ask what is the Feynman’s quantisation 
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method for the multiplicative Lagrangian. We will seriously answer this question 
elsewhere. 


A One dimensional two-particle system 


In this section, the idea is extended to the case of a system of two identical particles 
in one dimension. The Hamiltonian of the system is given by 


P 2 ^ 

Hn{pi,P2,xi,X2) = - -h TT-h H(xi - X 2 ) , 

2 m 2m 

where V (xi — X 2 ) is the even function and may take the form of 

g^{xi — ^ 2 )^ iHarmonic interaction , 

- 2 iCalogero-Moser intereaction [3]. 

{xi - X 2 ) 


(A.l) 


V{xi - X 2 ) = 


(A.2) 


where <7 is a coupling constant. The equations of motion for each particle reads 


Xl 


X 2 


1 dV (xi — X 2 ) 
m dxi ’ 
1 dV{xi — X 2 ) 
m dx 2 


The additive Lagrangian of the system is 


LAr(xi,X2,Xi,X2) 


1 -2 1 -2 

-mxi + -mx 2 


V{xi - X 2 ) , 


(A.3a) 

(A.3b) 


(A.4) 


which can be obtained through Legendre transformation = pixi + P 2 X 2 — H]\f. 
To decouple the variables xi and X 2 in (5.3a) and (5.3b), the new set of variables, 
namely, X = xi + X 2 and x = xi — X 2 are used; and hence, (5.3a) and (5.3b) can 
be re-written as 


A = 0, 

.. _ 2 dV{x) 

m dx 


(A.5a) 
(A.5b) 


Equation (IA.5ap describes the motion of the centre of mass whereas (IA.5bp describes 
the motion of the system in terms of the relative position between two particles. 


We are now looking for the multiplicative Lagrangian in terms of the variables 
X and x corresponding to (5.5a) and (5.5b). Employing the result in the case of 
one particle, the multiplicative Lagrangian for two particles which describes the 
motion of free particle and the particle in the potential is 


Lx{X,x,x) = (^f{X) + f{x)g{x)^ , (A. 6 ) 

where / and g are already defined in Section [2j However, we repeatedly give them 
here again 


= e ^ + 


= e 


2V{u) 


A r 




di 


fiu) 

9{u) 
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To see how the Lagrangian given by (IA.6p leads to the equations of motion given by 
(]A.5p . we first put the Lagrangian into the Euler-Lagrange equation for the variable 


A 


dLx 

dX dt V dX 
Q d (dfjX) 
dt \ dX 


rX 


X m 


-r 




0 

0 

0 


This results in A = 0. Next, we substitute the Lagrangian into the Euler-Lagrange 
equation for the variable x 


,..dg{x) .. ^d'^fix 

/(a;)—}- xg{x^ 


dLx _ ^ f 

dx dt I dx 


dx 

2V(x) 

f{x)e XXx 


— x 


. dg{x) df{x) 


dip' dx dx 

—2 dV(x)\ .. 2v(3;) d?f(x) 


— xe 


dip 


m\^ dx 

_ 2 v(x) / —2 dV(x)\ df(x) 

\mX^ dx ) dx 
( -2 dV{x)\ ( .df{x)\ ..d'^f{x 

—2 dV{x) X 


— X- 


dx^ 


mX^ dx 


A2 


x 


which is indeed the equation of motion for x variable. 


0 

0 


0 

0 

0 

2 dV{x) 
m dx ’ 


In addition, in the limit that A approaches to infinity, the multiplicative Lagrangian 
becomes 


lim Lx 
X—^oo 


lim {Lx — mX^} 

\—>-oo 


lim 

mX^ ( 

A—^CXD 

L V 

lim 

mX^ + 

A—^00 


lim 

mX? + 

A—^00 


mil 

mx 2 


X^ 


^ ^ 4A2 + 4A2 


m{xi -t- X 2 y 


+ 


V{x) 

mA2 

m{xi — X2p 


-V{xi-X2) + ■■■ 


mx{ min 

-^ + ^-V{xi-X2) + ... 
-V{xi- X2) = Ln 


which yields the additive Lagrangian. 


The multiplicative form of the Hamiltonian is given by 


where 


Hx 


mX^ 


{k{P) + k{p)h{x)) , 


p 

k{p) = e iPPP , 

_ V 

h{x) = e ^ 


(A.7) 


(A.8) 

(A.9) 
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and p = Pi — P 2 and P = pi + P 2 - The pi = mxi and p 2 = mx 2 are momenta 
for the primary and secondary particles, respectively. It is easy to show that the 
Hamiltonian given by (lA.Sp gives the equations of motion, i.e., (lA.Bh . Firstly, we 
consider the equation of motion for the centre of mass 

_ d (dHx\ 
dX "^dt \dP ) 

d / dk{P) \ 

V dP ) 

0 = Pk{P) , 


which P is a constant. Secondly, we consider the equation for x variable 

dHx 


—k{p)b{x 


dx 

dV{x) 

I- 

dx 


-2 


dV{x) 

dx 


p^ 




= m 


dV (x) 
dx 

+ 1 


dt \ dp ) 


-—{pk{p)b{x)) 
1 ^ 

2 
1 
2 
1 
2 


= P 


7 ,, .db(x) ,, -.d(pk(p))\ 
ipk{p)^^ + b{x) ' 


dt 

2p^k{p)b{x) dV{x) 


dt J 


m?X^ 


dx 


2 p 


2 dV 


P' 

+ b{x)p {- T^k{p) + Kp) 


m?X^ 


m?X^ dx 

p2 

m?X^ 


+ P{ - 


p- 


m?X^ 


+ 1 


p = —2 


dV{x) 

dx 


which is again the equation of motion that we expected. 


Finally, we are interested to see how the multiplicative Hamiltonian behaves un¬ 
der the limit for very large A 


lim Hx 
A—^oo 


mX^ 


lim (Hx + mA^) 
A—^oo 


p 2 

Am 


lim 

A—>-oo 
2 


2 - 


2V 


p2 _|_ p2 

2m?‘X^ mX^ 


+ 


+ V = f + fpV = H, 

2 m 2 m 


which is nothing but the standard Hamiltonian in the additive form. 


For the case of higher number of particles, especially the Calogero-Moser type sys¬ 
tems mum there exists a hierarchy of the Lagrangians which are all in the additive 
form. Then it is interesting to see whether we could find the corresponding hierarchy 
of the multiplicative Lagrangians. 
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